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Abstract. We give a general procedure to construct algebro-geometric Feynman 
rules, that is, characters of the Connes— Kreimer Hopf algebra of Feynman graphs 
that factor through a Grothendieck ring of immersed conical varieties, via the class 
of the complement of the afBnc graph hypcrsurface. In particular, this maps to the 
usual Grothendieck ring of varieties, defining motivic Feynman rules. We also con- 
struct an algebro-geometric Feynman rule with values in a polynomial ring, which 
does not factor through the usual Grothendieck ring, and which is defined in terms of 
characteristic classes of singular varieties. This invariant recovers, as a special value, 
the Euler characteristic of the projective graph hypersurface complement. The main 
result underlying the construction of this invariant is a formula for the characteristic 
classes of the join of two projective varieties. We discuss the BPHZ renormalization 
procedure in this algebro-geometric context and some motivic zeta functions arising 
from the partition functions associated to motivic Feynman rules. 



1. Introduction 

In [3] we presented explicit computations of classes in the Grothendieck ring of vari- 
eties, of Chern-Schwartz-MacPherson characteristic classes, and by specialization Euler 
characteristics, for some particular classes of graph hypersurfaces. The latter are singular 
projective hypersurfaces associated to the parametric formulation of Feynman integrals in 
scalar quantum field theories and have recently been the object of extensive investigation 
(see 0, 0, 0, 0, ESI)- 

The purpose of the present paper is to answer a question posed to us by the referee of 
[3j. We describe the problem here briefly, along with the necessary background. All this 
will be discussed in more details in the body of the paper. 

For us a Feynman graph T will be a finite graph whose set of edges consists of internal 
edges Ei nt (T) and external edges E ext (T). Whenever we focus on invariants that only 
involve internal edges, we can assume that T is just a graph in the ordinary sense. 

Consider a graph T consisting of two components, r = Ti U IV To each component 
we can associate a corresponding graph hypersurface Xr 1 C P" 1_1 and Xr 2 C P" 2_1 , 
where rii = ^Ei nt (Ti) is the number of internal edges of the Feynman graph IV The 
Feynman integral U(Ti,pi), with assigned external momenta pi — (pi) e for e G E ext (Ti), 
is computed in the parametric form as an integral over a simplex a ni of an algebraic 
differential form defined on the hypersurface complement P™* -1 \ Xr f . The multiplicative 
property of the Feynman rules implies that, for a graph T = Ti U T%, one correspondingly 
has U(T,p) — [/(Ti,pi)£/(r2,p2), so that it is customary in quantum field theory to pass 
from the partition function whose asymptotic series involves all graphs to the one that 
only involves connected graphs. A further simplification of the combinatorics of graphs 
that takes place in quantum field theory is obtained by passing to the 1PI effective action, 
which only involves graphs that are 2-edge-connected (1-particle irreducible in the physics 
terminology), i.e. that cannot be disconnected by removal of a single edge. 

The Connes-Kreimer theory [TO], pT] (see also [Hj) shows that the Feynman rules 
define a character of the Connes-Kreimer Hopf algebra H of Feynman graphs. Namely, 
the collection of dimensionally regularized Feynman integrals U(T,p) of all the 1PI graphs 
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of a given scalar quantum field theory defines a homomorphism of unital commutative 
algebras <f> € Hom(7i,/C), where /C is the field of germs of meromorphic functions at 
z = G C. The coproduct in the Hopf algebra is then used in [10] to obtain a recursive 
formula for the Birkhoff factorization of loops in the pro-unipotent complex Lie group 
G(C) = Hom(7i, C). This provides the counterterms and the renormalized values of all 
the Feynman integrals in the form of what is known in physics as the Bogolyubov recursion, 
or BPHZ renormalization procedure. 

In particular, any character of the Hopf algebra TL can be thought of as a possible 
assignment of Feynman rules for the given field theory, and the renormalization procedure 
can be applied to any such character as to the case of the Feynman integrals. In turn, the 
characters need not necessarily take values in the field /C of convergent Laurent series for 
the BPHZ renormalization procedure to make sense. 

In fact, it was shown in [14] how the same Connes-Kreimer recursive formula for the 
Birkhoff factorization of loops continues to work unchanged whenever the target of the 
Hopf algebra character is a Rota-Baxter algebra of weight A = — 1. In the Connes-Kreimer 
case, it is the operator of projection of a Laurent series onto its divergent part that is a 
Rota-Baxter operator and the Rota-Baxter identity is what is needed to show that, in 
the Birkhoff factorization (f> = (</>_ oS)* <jy + , with S the antipode and * the product dual 
to the coproduct, the two terms <p± are also algebra homomorphisms. 

When working in the algebro-geometric world of the graph hypersurfaces Xr, one would 
like to have "motivic Feynman rules" , namely an assignment of an Euler characteristic 
Xnew (the class in the Grothendieck ring of varieties is a universal Euler characteristic) 
to the graph hypersurface complements F' l_1 \ Xr with the property that, in the case of 
graphs r consisting of several disjoint components Ti . . . ,Th, one has 

(1.1) Xne»(P"- 1 Xlr) =nXn»r- 1 xXpJ, 

i 

as in the case of the Feynman integrals U(T,p) — Y\ i U(Ti,pi). Here the graph hypersur- 
face Xr associated to a graph T is defined as the hypersurface in P" _1 (n — #i?mt(r)) 
given by the vanishing of the polynomial 

*r(ti,...,t*) = n> 

with the sum over spanning forests T of T, and the product of the edge variables t e of the 
edges e of r that are not in the forest T. If T = T\ U T2 is a disjoint union, then clearly 

(1.2) * r (*l,--.,*n) = *ri(*l,---,*ni)*r 3 (Wx,"-,*ni+n 3 )- 

One can see that the usual Euler characteristic does not satisfy the desired property 
(|l.ip . In fact, if r is not a forest, one can see that the hypersurface complement P n_1 \Xr is 
a G m -bundle over the product (P™!- 1 \Xr 1 ) X (P" 2_1 \Xr 2 ), hence its Euler characteristic 
vanishes and the multiplicative property cannot be satisfied. 

The question the referee of [3] asked us is whether there exists a natural modification 
Xnew of the usual Euler characteristic that restores the multiplicative property (jl.lj) , thus 
giving an interesting example of algebro-geometric Feynman rules. The main result of 
the present paper is to show that indeed such modifications of the Euler characteristic 
exist and they can be obtained from already well known natural enhancements of the 
Euler characteristic in the context of algebraic geometry. In particular, we produce one 
such invariant obtained using classes in the Grothendieck ring of varieties, and one ob- 
tained using the Chern-Schwartz-MacPherson characteristic class of singular algebraic 
varieties, [H] [55], and we show that both descend from a common invariant that lives in 
a "Grothendieck ring of immersed conical varieties" . 
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The first case, where one considers an invariant with values in the usual Grothendieck 
ring, has the advantage that it is motivic, so it indeed defines "motivic Feynman rules" 
as the referee suggested, and also it is in general easier to compute explicitly, while the 
second case where the invariant is constructed in terms of characteristic classes is more 
difficult to compute, but it has the advantage that it takes values in a more manageable 
polynomial ring. We discuss the meaning of the BPHZ renormalization procedure in the 
Connes-Kreimer form for some of these invariants, using suitable Rota-Baxter operators 
on polynomial algebras. 

The paper is structured as follows. We recall briefly in ill. li the properties of Feynman 
integrals and Feynman rules in perturbative scalar quantum field theory, as those serve 
as a model for our algebro-geometric definition. In §21 we introduce the notion of algebro- 
geometric Feynman rules, by requiring that the multiplicative invariants associated to 
graphs depend on the data of the affine hypersurface complement, up to linear changes 
of coordinates. We show in §2. II that there is a universal algebro-geometric Feynman rule 
that takes values in a suitably defined Grothendieck ring of immersed conical varieties, T . 
We show how the values behave under simple operations on graphs, such as bisecting and 
edge, connecting graphs by a vertex or an edge, etc. The existence of this universal algebro- 
geometric Feynman rule is based on the multiplicative property of the affine hypersurface 
complements over disjoint unions of graphs, which does not hold in the projective setting. 
We then show in §2.31 that the universal Feynman rule maps to a motivic Feynman rule 
with values in the usual Grothendieck ring of varieties, by considering varieties up to 
isomorphism instead of the more restrictive linear changes of coordinates. We give an 
explicit relation between the class of the affine hypersurface complement and the class 
of the projective hypersurface in the Grothendieck ring. As a consequence of the basic 
properties of algebro-geometric Feynman rules, we show in Proposition [2J3 that the stable 
birational equivalence class of the projective graph hypersurface of a non-lPI graph is equal 
to 1. We also discuss how the parametric formulation of Feynman integrals, in the case 
with nonzero mass and zero external momenta, may fit in the setting of algebro-geometric 
Feynman rules with values in the algebra of periods. The issue of the divergences of 
these integrals is further discussed in §3J In Sj3]we introduce a different algebro-geometric 
Feynman rule, that is obtained by mapping the ring T to the polynomial ring Z[T] via 
a morphism defined in terms of the Chern-Schwartz-MacPherson (CSM) characteristic 
classes of singular algebraic varieties. This morphism J- —> Z[T] does not factor through 
the usual Grothendieck ring of varieties KQ(Vk), as we show explicitly in Example 12.81 
The main theorem showing the multiplicative property of this polynomial invariant over 
disjoint unions of graphs is stated in Theorem 13.61 and its proof is reduced in steps to 
a formula, given in Theorem 13.131 for the Chern-Schwartz-MacPherson classes of joins 
of disjoint subvarieties of projective space. In this same section, Proposition 13.11 lists 
the main properties of the polynomial invariant, including the fact that it recovers as a 
special value of the derivative the usual Euler characteristic of the projective hypersurface 
complements, thus effectively correcting for its failure to be a Feynman rule. A way to 
compute the coefficients of the polynomial invariant in terms of integrals of differential 
forms with logarithmic poles on a resolution is given in Remark l3.9l The following section, 
§4] discusses the BPHZ renormalization procedure, in the formulation of the Connes- 
Kreimer theory in terms of Birkhoff factorization of characters of the Hopf algebra of 
Feynman graphs. Using the formulation in terms of characters with values in a Rota- 
Baxter algebra of weight —1, one can show that the BPHZ procedure can be applied to 
the various cases of algebro-geometric Feynman rules considered here. In §3 we draw 
some analogies between the partition functions obtained by summing over graphs the 
algebro-geometric Feynman rules and the motivic zeta functions considered in the theory 



4 



ALUFFI AND MARCOLLI 



of motivic integration. Finally, ^ is devoted to the proof of Theorem 13.131 The main 
ingredients in the proof are Kwiecihski's product formula and Yokura's Riemann-Roch 
theorem for CSM classes, together with a blow-up construction. 

1.1. Feynman rules in quantum field theory. The Feynman rules prescribe that, 
in perturbative scalar quantum field theory, one assigns to a Feynman graph a formal 
(usually divergent) integral 

s (J2Li e ^^ + J2f=i £ v, 3 Pj) d^fci d D k n 



(1.3) U(r,p)-Cj qi{kl )... qn{ k n ) (2k)° (2tt)^' 

where C — YlveVfr) ^v(^) D , with A„ the coupling constant of the monomial in the 
Lagrangian of degree equal to the valence of the vertex v. Here, n = #Ei nt (r), and 
N = #E ex t(T). The matrix e Vt i is the incidence matrix of the (oriented) graph with 
entries e v ,i — ±1 if the edge d is incident to the vertex v, outgoing or ingoing, and zero 
otherwise. The qt(ki) are the Feynman propagators. The latter are quadratic forms, given 
in Euclidean signature by 

(1.4) qi(ki) = kj +m 2 , 

where fcj S K D is the momentum variable associated to the edge &i of the graph, with 
&i = ll^ill 2 the Euclidean square norm in R 15 and m > the mass parameter. The integral 
U(T,p) is a function of the external momenta p = (pe)eeE axt (r)i where the p e G M. D satisfy 
the conservation law ^2 eeE t (r)Pe = 0. The delta function in the numerator of (jl.3p 
imposes linear relations at each vertex between the momentum variables, so that momen- 
tum conservation is preserved at each vertex. This reduces the number of independent 
variables of integration from the number of edges to the number of loops. 

The form of the Feynman integral (|1.3p immediately implies a multiplicative property. 
Namely, if the Feynman graph is a disjoint union r = Ti U T2 of two components, then 
the integral satisfies 

(1.5) U(T,p) = U(T 1 ,p 1 )U(T 2 ,p 2 ), 

where pi are the external momenta of the graphs Ti, with p = (pi,p 2 )- This follows from 
the fact that there are no linear relations between the momentum variables assigned to 
edges in different connected components of the graph, so the integral splits as a product. 

In quantum field theory one usually assembles the Feynman integrals of different graphs 
in a formal series that gives, for fixed external momenta p = (p e ) — (pi, . . . ,Pn), the Green 
function 

(1-6) G( P ) = ^ U{T > P) 



E #Au t(r)' 



where Aut(r) are the symmetries of the graph. For a graph with several connected com- 
ponents, the symmetry factor behaves like 

(1.7) #Aut(r) = JJ(n i )!jJ#Aut(r i ) ni ) 

3 3 

where the nj are the multiplicities (i.e. there are rij connected components of T all isomor- 
phic to the same graph Tj). Thus, one can simplify the combinatorics of graphs in quantum 
field theory by considering only connected graphs and the corresponding connected Green 
functions. 

One can further reduce the class of graphs that need to be considered, by passing to 
the 1PI effective action, where only the graphs that are "one-particle-irreducible" (1PI) 
are considered. These are the two-edge-connected graphs, namely those that cannot be 
disconnected by removal of a single edge. The reason why these suffice is again related 
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to the multiplicative properties of Feynman rules. A connected graph T can be described 
as a tree T in which at the vertices one inserts 1PI graphs r„ with number of external 
edges equal to the valence of the vertex. The corresponding Feynman integral can then 
be written in the form of a product 

(1-8) U(T,p) = TT U(T v , Pv ) 1 , S(( Pv ) e - Gv)e), 

i.e. a product of Feynman integrals for 1PI graphs and inverses of the propagators q e for 
the edges of the tree, with momenta matching the external momenta of the 1PI graphs. 

When one takes the dimensional regularization of the Feynman integrals, one replaces 
the formal U(T,p) by Laurent series, while maintaining the multiplicative properties over 
disjoint unions of graphs. Thus, if one defines a polynomial ring TL generated by the 1PI 
graphs with the product corresponding to the disjoint union, the dimcnsionally regular- 
ized Feynman integral defines a ring homomorphism from TL to the ring 1Z of convergent 
Laurent series. When the polynomial ring TL on the 1PI graphs is endowed with the 
Connes-Kreimer coproduct as in [TO] , and the ring of convergent Laurent series is endowed 
with the Rota-Baxter operator X of projection onto the polar part, one can implement 
the BPHZ renormalization of the Feynman integral as in the Connes-Kreimer theory [10] 
as the Birkhoff factorization of the Feynman integrals U(T,p) into a product of ring ho- 
momorphisms from TL to 11Z and (1 — X)7£, respectively defining the counterterms and 
the renormalized part of the Feynman integral. 

In the following section we show how to abstract this setting to define algebro-geometric 
Feynman rules. 



2. Feynman rules in algebraic geometry 

We give an abstract definition of Feynman rules which encompasses the case of Feynman 
integrals recalled above and that allows for algebro-geometric variants. 

Definition 2.1. A Feynman rule is an assignment of an element U(T) in a commutative 
ring 1Z for each finite graph T, with the property that, for a disjoint union T = T± U • • • UT^ 
of connected graphs Ti, the function behaves multiplicatively 

(2.1) U(T) = U(T 1 )---U(T k ). 

One also requires that, for a connected graph T described as a finite tree T with vertices 
replaced by 1PI graphs T v , the function U(T) satisfies 

(2.2) U(T) = U(L)* E ^ Y[ U(T V ), 

veV(T) 

where L is the graph consisting of a single edge. Thus, a Feynman rule determines and is 
determined by a ring homomorphism U : TL — > 1Z, where TL is the polynomial ring generated 
(over 1) by the 1PI graphs and by the assignment of the inverse propagator U(L). 

The definition we give here, which will suffice for our purposes, covers the original 
Feynman integrals only in the case where one neglects the external momenta (or sets them 
all to zero) and remains with a nontrivial propagator for external edges given only by the 
mass m 2 . In fact, in that case, the formula (|1.8p reduces to (|2.2|) with U(L) = l/m 2 for all 
the external edges of the graphs T v . The property (|2.1|) is the multiplicative property of the 
Feynman rules (| 1 . 5|) . The dimensionally regularized Feynman integral U(T) is described 
then in terms of a ring homomorphism U : TL — > fC to the ring of convergent Laurent series, 
by identifying a monomial T\ ■ ■ ■ in TL with the disjoint union graph T = T% U • • • U Tfc. 
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We are especially interested in algebro-geometric Feynman rules associated to the para- 
metric representation of Feynman integrals. In the parametric representation for a massless 
theory one reformulates the integral (|1.3p in the form 



(2.3) U{T,pi,...,pN) = C- 



(4tt) D£ / 2 J q> T (t)- n +( t + 1 ) D / 2 ' 

where t = (t±, . . . , t n ) G A" with n = #Ei n t(T), integrated over the simplex a n = {t G 
R™ | t% = 1}, with volume form uj n and with <3>r the Kirchhoff polynomial 

(2.4) * r (i) = detM r (i), with (M r (i)) rfe = ^ ^VirVik, 

i 

where r/ik is the circuit matrix of the graph (depending on a choice of orientation of the 
edges e, and of a basis of Hi(T)), 

-1 if edge ej G loop same orientation 

(2.5) ?7ifc = ^ — 1 if edge G loop reverse orientation 

if edge ^ loop 

(This is equivalent to the definition given in the introduction.) If &i(r) = 0, we take 
*r(t) = L 

The function Pr(t,p) is a homogeneus polynomial in t of degree fri(r) + 1, which also 
has a definition in terms of the combinatorics of the graph. Notice that one can define 
parametric representations in the case of massive theories m ^ as well and obtain a 
formulation similar to (|2.3p . 

_ Dt\ 

(2.6) U(T, Pl ,...,p N )=C ' ' 



I>-f) f Vr(t,p)- n+m / 2 u v 



(4tt)^/ 2 J„ n # r (i) D / 2 

where, however, Vr(t,p) is no longer a homogeneous polynomial in t. Our definition of 
Feynman rules in Definition ^. H is modeled on the massive case, because of the propagators 
U(L) in (12. 2|) . In both the massive and the massless case, at least for sufficiently large 
spacetime dimension D, in the range where n < D£/2, the integral lives naturally on the 
complement in A™ of the affine hypersurface 

(2.7) X r = {t G A" | * r (t) = 0}. 

In the massless case where both VPr and Pr(t,p) in (|2.3p are homogeneous polynomials, 
one usually reformulates the Feynman integral in terms of projective varieties and considers 
the complement P™ _1 \ Xp of the projective hypersurface 

(2.8) Xr = {t = (h : ■ • • : t n ) G P"" 1 | * r (t) = 0}, 

of which Xr is the affine cone. Although working in the projective setting is very natural 
(see [6], [8]), the discussion above indicates that, if one wants to accommodate both 
massless and massive theories, it is more natural to work in the affine setting. Moreover, 
we will see here that working with the affine hypersurfaces is better also from the point of 
view of having motivic Feynman rules. 

Definition 2.2. An algebro-geometric Feynman rule is an invariant U(T) = U(A" \ Xr) 
of the graph hypersurface complement, with values in a commutative ring TZ, with the 
following properties. 

• For a disjoint union of graphs T = T± U T^, it satisfies U(r) = U(ri)U(r2). 

• For a connected graph T obtained from a finite tree T and 1PI graphs T v at the 
vertices v G V(T), it satisfies U(T) = U(L)* E ^ Uvev(T) ^( T v), where U(L) is 
the value on the line L, i.e. on the graph consisting of a single 
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An algebro-geometric Feynman rule is motivic if the invariant U(T) only depends on the 
class [A™ \ Xr] of the hypersurface complement in the Grothendieck ring of varieties 
Ko(Vq). 

By this definition, in particular, an algebro-geometric Feynman rule defines a ring 
homomorphism U : Ti — > 1Z as in Definition 12. li by interpreting a monomial Ti • • • I\. 
as the disjoint union r = T% U • • • U Tk- In the motivic case this homomorphism factors 
through the commutative ring Xo(Vq). 

The dependence U(r) = U(A" \ Xr) of an algebro-geometric Feynman rule on the 
affine hypersurface complement should be understood here as a dependence on the variety 
A™ \ Xr considered modulo linear changes of coordinates in A". This will be explained 
more in detail in i j2.ll below. It will be then be clear from Lemma [2.31 that, unlike the 
case of general Feynman rules, the second property U(r) = U(L)# E ( T ' Y\ veV (T) U(r„) in 
Definition 12.21 will in fact be a consequence of the multiplicativity U(r) = U(Fi)U(r2) 
over disjoint unions T = T1UT2, together with the fact that the hypersurface complement 
does not distinguish between the case of the disjoint union r = Ti UT2 and the case where 
the graphs Ti and T2 are joined at a single vertex. 

Notice, moreover, that there are examples of combinatorially incquivalent connected 
1PI graphs that have the same graph hypersurface, so that one can construct Feynman 
rules that are not algebro-geometric or motivic, by assigning different invariants to such 
graphs, so that the resulting ring homomorphism Ti — > 7Z does not factor through Ko(Vk) 
or through the ring T described in ij2.ll below. 

2.1. A universal algebro-geometric Feynman rule. We show that algebro-geometric 
Feynman rules, in the sense of Definition 12.21 correspond to ring homomorphisms from 
a universal ring J 7 to a given commutative ring. In particular, this defines a universal 
algebro-geometric Feynman rule obtained by assigning U(r) as the class of the hypersur- 
face complement A" \ Xr in the ring T . A motivic Feynman rule is then obtained by 
mapping T to the Grothendieck ring Kq(Vq). 

We begin by the following simple observation, which explains why it is more convenient 
to work in the affine rather than the projective setting. 

Lemma 2.3. For every graph T, let Xr C P" _1 be the projective hypersurface (|2.8[) and 
Xr C A™ be its affine cone (|2.7[) , with n — ffEi nt (T), as above. 
Let r = Ti U T2 be the union of two disjoint graphs. Then 

(2.9) A" 1+ " 2 \ X r = (A™ 1 \ X r J x (A™ 2 \X r J, 

where n { = #£ , i „ t (r i ). 

If neitherTi norT2 is a forest, then the projective hypersurface complementP ni+ri2 ~ 1 \ 
Xr is a G m -bundle over the product (P"i _1 \ Xr t ) X (P™ 2_1 \ Xr 2 ) of the hypersurface 
complements ofT\ and T2- 

The same formulas hold ifT is obtained by attaching two disjoint graphs T\, T2 at a 
vertex. 

Proof. It is clear from both the combinatorial definition recalled in the introduction, and 
from the definition (|2.4|) in terms of Kirchoff matrices Mr(t), that if T = T\ U T2 is a 
disjoint union (or if T is obtained by attaching Ti and T2 at a vertex), then 

\&r(*l) • • ■ !*n) = *ri(*l) • ■ ■ )*Tn)*rs,(*rai+l5 • • • > t n 1 +n 2 )- 

This says that Xr^u^ is the hypersurface in A™ 1+ ™ 2 obtained as the union 

(X Fl x A" 2 )U(A ni xXr 2 ), 
and formula (|2.9p for the hypersurface complement A™ 1+ ™ 2 \ Xr follows immediately. 
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In projective terms, Xr is given by the union of the cones C" 2 (Xr 1 ), C ni (Xr 2 ) in 
prn+n 2 -i over x Fl and Xr 2 , with vertices P™ 2-1 and P™ 1_1 , respectively. Here one views 
the P" i_1 containing Xr t as skew subspaces in p™i+™2-i_ ]± point in the complement of 
X riur2 in p«i+«2-i is f t ^ e f orm 

), where *ri(*i, ■ ■ ■ ,t ni ) ± and *r 2 (t ni +i, ■ • ■ i ^ni+n 2 ) 7^ 0- 

Note that if *n ^ 1 and *r 2 ^ 1, then * ri (*i : • • • : t ni ) ^ only if (*i : • • • : t ni ) ^ 0, 
and \Pr 2 (irn+i : • ■ • : *m+n 2 ) only if (t ni+1 : • • • : t ni+n . 2 ) ^ 0. This says that if neither 
T± nor T2 is a forest, then we have a regular map 

(2.10) (pm+na-l x x riU r 2 ) -> (P" 1_1 \ X Tl ) x (P™ 2 " 1 S Xp 2 ) 
given by 

(ti : • • • : t ni : t ni +i : • • • : t ni +„ 2 ) h-» ((ti : • • • : t ni ), {t ni +i ■ • • • ■ t ni +n 2 )) ■ 

This map is evidently surjective, and the fiber over ((ii : • • • : t ni ), (i ni +i : • • • : t ni+n2 )) 
consists of the points 

(uh : • • • : ut ni : vt ni+1 : • • • : wt„ 1+ „ 2 ) 

with (u : v) £ P 1 , ii« 7^ 0. These fibers are tori G m (k) = k* , completing the proof. 

If either Ti or T2 is a forest, the corresponding hypersurface Xr { is empty; the map 
(|2.10p is not defined everywhere in this case. □ 

The observation above implies that, if we want to construct Feynman rule U(r) in 
terms of the hypersurface complements, then by working in the affinc setting it suffices 
to have an invariant of affine varieties that is multiplicative on products and behaves in 
the natural way with respect to complements, that is, it satisfies an inclusion-exclusion 
property. This indicates that the natural target of algebro-geometric Feynman rules should 
be a ring reminiscent of the Grothendieck ring of varieties Ko(Vk)- However, it will be 
advantageous to work in a ring with a more rigid equivalence relation than in the definition 
of ifo(Vfc): this will be a ring mapping to Ko(Vk), but also carrying enough information to 
allow us to define Feynman rules by means of characteristic classes of immersed varieties. 
The natural receptacle of our algebro-geometric Feynman rules will be the Grothendieck 
ring of immersed conical varieties, which we define as follows. 

Definition 2.4. Let T be the ring whose elements are formal finite integer linear com- 
binations of equivalence classes of closed conical (that is, defined by homogeneous ideals) 
reduced algebraic sets V of A°° , such that V C A N for some finite N, modulo the equiva- 
lence relation given by linear changes of coordinates, and with the further relation dictating 
'inclusion-exclusion': 

(2.11) [v u w] = [v] + [w] - [v n W] . 

The ring structure is given by the product induced by 

(2.12) [V] ■ [W] = [VxW] . 

This is an embedded version of the Grothendieck ring, and it maps to the Grothendieck 
ring since varieties differing by a linear change of coordinates are isomorphic. It will also 
map to polynomial rings, via characteristic classes of complements, as we will explain 
in §3] 

If U is a locally closed set, defined as the complement V \ W of two closed conical 
subsets, we can define a class 

[U] := [V] - [W] 

in T\ the inclusion-exclusion property guarantees that this assignment is independent of 
the specific representation of U, and that the product formula (|2.12[) extends to locally 
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closed sets. This implies that ring homomorphisms T — > 1Z of the Grothcndicck ring of im- 
mersed conical varieties to arbitrary commutative rings define algebro-geometric Feynman 
rules: 

Proposition 2.5. Let I : T — > 1Z be a ring homomorphism to a commutative ring 1Z. For 
every graph T with n = #E int (T), define V(T) G R by 

(2.13) U(r):=7([A"])-7([l r ]) = /([A"\X r ]) . 

Then U is multiplicative under disjoint unions: i}T\, T2 are disjoint graphs, then V(T\ U 

r 2 ) = u(ri).u(r 2 ). 

The same formula holds ifT\, T2 share a single vertex. Moreover, ifT is obtained by 
connecting two disjoint graphs T\, T2 by an edge, then the invariant satisfies 

(2.14) u(r) = u^u^u^), 

where U(L) is the invariant associated to the graph L consisting of a single edge. This is 
given by V(L) = /([A 1 ]) =: £, the value of I on the class of the affine line. 

Proof. The claims are all preserved under homomorphisms, so it suffices to prove them 
for the invariant U with values in J- defined by 

U(T) := [A™ \ X r ] G F 

for a graph T with n internal edges. The multiplicativity under disjoint unions, and under 
the operation of attaching graphs at a single vertex, follows then immediately from formula 
(I2.9[) in Lemma [2~B1 In turn, formula (|2.14[) follows from the multiplicativity. To see that 
U(L) = [A 1 ], simply recall that the graph hypersurface corresponding to a single edge (or 
to any forest) is 0. □ 

We denote here by £ the value /([A 1 ]), as this will map to the Lefschetz motive L 
in the Grothendieck group. Note that we then have /([A™]) = by definition, this 
is the invariant associated with any forest with n edges, since the graph polynomial of 
a forest is 1 (and hence the corresponding graph hypersurface is empty). In particular, 
1 = /([A ]) = U(*) is the invariant of the trivial graph * consisting of one vertex and no 
edges. 

We have given in Definition 12.11 an equivalent characterization of Feynman rules in 
terms of a ring homomorphism U : TL — > 1Z together with an "inverse propagator" U(L). 
An algebro-geometric Feynman rule defined as above by a ring homomorphism I : T — ► 1Z 
corresponds, in these terms, to the homomorphism U : TL — > 1Z obtained by precomposition 
with the ring homomorphism 

U->T, r h-> [A n ] - [X r ], 
for all connected 1PI graphs T, and with the inverse propagator [A 1 ] G T. 

[A"] - [l r ] 
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By Proposition ^. 51 we have a 'universal' algebro-geometric Feynman rule given by the 
identity homomorphism I : T — > T . Again, this corresponds to the ring homomorphism 
H — > T that assigns [A™] — [Xr] to a connected 1PI graph with n = #Ei nt (T) and with 
inverse propagator [A 1 ] G T . 

2.2. Operations on graphs and Feynman rules. The universal algebro-geometric 
Feynman rule defined by [A™] — [Xr] in T satisfies the following properties for elementary 
geometric operations on a graph. These properties are inherited by any other algebro- 
geometric Feynman rule. 

• Let r' be obtained from T by attaching an edge to a vertex of T. Then 

u(r') = [a 1 ] • u(r) . 

• Let r be a graph that is not 1PI. Then U(r) is of the form 

U(T) = [A 1 ] • B 

for some class B G T . 

• Let r' be obtained from T by splitting an edge. Then 

U(r') = [A 1 ] • U(T) . 

• Let T' be obtained from T by attaching a looping edge to a vertex. Then 

u(r') = ([a 1 ] - 1) • u(r) . 

• Let r be an n-side polygon. Then 

U(r) = [A"] - [A"" 1 ] . 

All these properties follow very easily from the definition of U(r). For instance, the 
property for non-lPI graphs follows directly from (|2.14[) . while attaching a looping edge 
amounts to multiplying the equation of the graph hypersurface by a new variable, and 
viewing the result in a space of dimension 1 higher. In affine space, and in terms of the 
complement, this is clearly the same as taking a product by A 1 \ A . 

2.3. Motivic Feynman rules. The ring T maps to the Grothcndicck ring of varieties 
Ko(Vk) by mapping the equivalence class [X] G T under linear coordinate changes to the 
isomorphism class [X] G K (Vk). It is a ring homomorphism since the product is in both 
cases defined by the class of the product of manifolds. Thus, one obtains in this way a 
motivic Feynman rule defined by T i— > [A" \ Xr] G Ko(Vk). This corresponds to the ring 
homomorphism U : TL — * Ko(Vk) that maps the monomial Ti • ■ • Tfc, where the Ti are 1PI 
graphs, to the class 

(2.15) U(Ti • • • T fc ) = [A" \ X r ] = [A" 1 \ X Tl ] ■ ■ ■ [A n « x X Tk ], 

where r = Ti U • • • U Tfc is the disjoint union and n — rij. The inverse propagator is 
U(i) = L = [A 1 ], the Lefschetz motive, i.e. the class of the affine line in Ko(Vk)- 

This means that one can think of the "propagator" as being the formal inverse L _1 of 
the Lefschetz motive. This corresponds to the Tate motive Q(l) when one maps in the 
natural way (see [T7]) the Grothcndicck ring of varieties Ko(Vk) to the Grothendieck ring 
of motives K (Mk). 

The relation between the motivic Feynman rule (|2.15[) and the hypersurface complement 
in projective space is described as follows. 

Lemma 2.6. If T is not a forest, the hypersurface complements A n \ Xr and P" _1 \ Xr 
are related in the Grothendieck ring Ko(Vk) by 

(2.16) [A" n l r ] = (L — 1) [P™" 1 \ X r ]. 
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Proof. We have 

(2.17) [X r ] = (L-l)[X r ] + l, 

since Xr is the afhne cone in A ra over Xp. Thus, we obtain 
[A" \ X r ] = L" - 1 - (L - l)[X r ] 

= (L - l)(L n_1 + ■ •• + L+ 1 — [X r 
= (L-lXpT-^-LYr]). 



□ 



Thus, we see that the factor (L — 1) restores the multiplicative property of Feynman 
rules that is not satisfied at the level of the projective hypersurface complements. 

Example 2.7. The graph hypersurfaces corresponding to the so-called banana graphs are 
studied in [3J. Lemma 12.61 and formula (3.13) in [3] yield that 

[A™ \ Xr n ] = (L — 1)- '- i — ^ + n (L-l)"- 1 , 

where T n denotes the n-th banana graph (n parallel edges joining two vertices). 

Given the motivic Feynman rule determined by the ring homoniorphism U : TL — > 
Ko(Vk), with U(r) = [A" \ Xr] and inverse propagator L, one can obtain other motivic 
Feynman rules with values in commutative rings 1Z using motivic measures. Recall that a 
motivic measure is by definition a ring homoniorphism \i : Ko(Vk) —> H (see for instance 
[23] . §1.3), so that the composite /joO defines an 7?.-valued motivic Feynman rule. 

Notice that, in particular, when one considers the ring homomorphism from Ko(Vk) to Z 
given by the ordinary topological Euler characteristic, the image of the classes [A™ \ Xr] is 
zero if T is not a forest, as one can see from the presence of the torus factor [G m ] = L — 1 
in (|2.16|) . while if one computes the Euler characteristic of the projective hypersurface 
complements [P n_1 \ Xp] this will in general be non-zero (see for instance the examples 
computed in [3]) but the multiplicative property of Feynman rules is no longer satisfied. 
We show in below how one can define an algebro-geometric Feynman rule that assigns a 
polynomial invariant in Z[T] to the class in T of each hypersurface complement A" \ Xr, 
in such a way that the value at zero of the derivative of the polynomial recovers the Euler 
characteristic of the complement of the projective hypersurface Xp. This invariant will 
be our best answer to the question of a generalization of the ordinary Euler characteristic 
that satisfies the multiplicative property of Feynman rules and from which the usual Euler 
characteristic can be recovered as a special value. This invariant is not obtained from a 
homomorphism -Ko(Vfc) — * Z[T] as the following example shows. 

Example 2.8. The two graphs 





have the same motivic invariant [A 3 ] — [A 2 ], but different polynomial invariants: T(T+ 1) 2 
and T{T 2 + T + 1), respectively. 

It is proved in [23] that the quotient of the Grothendieck ring Kq(Vc) by the ideal 
generated by L = [A 1 ] is isomorphic as a ring to 1[SB] : the ring of the multiplicative 
monoid SB of stable birational equivalence classes of varieties in Vc- Recall that two 
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(irreducible) varieties X and Y are stably birationally equivalent if X x P n and Y x P m 
are birationally equivalent for some n,m > 0. The observations of ^2.21 above then give 
the following. 

Proposition 2.9. Let T be a graph that is not 1PI. Then the stable birational equivalence 
class of the projective graph hypersurface satisfies [Xr] s b — 1 in Z[SB]. 

Proof. We know by Lemma [2~6l that, in the Grothendieck ring Kq(Vc), we have [A"\Xr] = 
L™ — 1 — (L— l)[Xr]- Moreover, by the observation made in 32.21 we know that for a graph 
F that is not 1PI the class [A™ \ Xr] = L • [A" _1 \ Xj"], where V is the graph obtained 
from r by removing a disconnecting edge L and L = [A 1 ] = U(L). Then we use the 
fact that Z[SB] = *f (Vc)/(L) as in [23], and we obtain that [A" \ X r ] sb = £ Z[SB], 
while L" — 1 — (L — l)[X r ] E K (Vc) becomes -1 + [X r } s b € Z[SB], so that we obtain 
[XrU ~ 1 = e Z[SB]. ' □ 

A variant of the motivic Feynman rule (|2.15p is obtained by setting 
(2.18) OCT) . ^Al, 

with values in the ring iQ)(Vfe)pL ], where one inverts the Lefschetz motive. Dividing by 
L n has the effect of normalizing the "Feynman integral" U(T) by the value it would have 
if r were a forest on the same number of edges. For the original Feynman integrals this 
would measure the amount of linear dependence between the edge momentum variables 
created by the presence of the interaction vertices. We will discuss in 2] some advantages 
of using the motivic Feynman rule (|2.18[) as opposed to (|2.15[) . 

Moreover, notice that, modulo the important problem of divergences of the Feynman 
integral, which needs to be treated via a suitable regularization and renormalization pro- 
cedure, which in the algebro-geometric setting often involves blowups of the divergence 
locus (see [5]), one would like to think of the original Feynman rule given by the parametric 
Feynman integral as an algebro-geometric Feynman rule with values in the algebra V of 
periods. Recall that conjecturally (see [21]) the algebra V of periods is generated over Q 
by equivalence classes of the form [(X, D, oj, er)], where X is a smooth afhne variety over 
Q, D C X is a normal crossings divisor, uj £ O dlm W (X) is an algebraic differential form, 
and a e H dim ( X )(X(C), D(C);Q) is a relative homology class. The equivalence relation 
is taken modulo the change of variables formula and the Stokes formula for integrals (see 
[21j for more details). In the setting that we are considering, where in Feynman integrals 
we set the external momenta equal to zero and keep a non-zero mass, so that the Feyn- 
man rules satisfy (|2.1I) and (|2.2|) . the function Vr(t,p) in the numerator of the parametric 
Feynman integral (12. 6p is reduced to V(t,p)\ p= o = m 2 . This follows from the fact that, in 
general, Vr(t,p) is of the form 

V r (t,p) =plR r {t)p + m 2 , 

where Rr{t) is another matrix associated to the graph T defined in terms of cut-sets, whose 
explicit expression we do not need here (the interested reader can see for instance |18] or 
[5])- Thus, for the massive case with zero external momenta, the parametric Feynman 
integral is, up to a multiplicative constant and a possibly divergent T-factor, of the form 

(2.19) 



Modulo the important issue of divergences coming from the nontrivial intersections a n n 
Xy, we can then think of the original Feynman rule as a morphism to the algebra of 
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periods V that assigns 

(2.20) U(r) = [(A™ \ X r , £„, *r D/2 w„, a n )}, 

where S„ = {t £ A™ | J], *i = 0}. 

A possible way to handle the divergences in terms of "integrating around the singular- 
ities" using Leray coboundaries was proposed in [25] . We discuss briefly in §3] how this 
might fit with Feynman rules of the form (|2.20|) . 

3. Characteristic classes and Feynman rules 
In this section we define a ring homomorphism 

Icsm ■ T -» Z[T] , 

and hence (by Proposition ^. 5p obtain a polynomial valued Feynman rule. We will denote 
by Cr(T) the invariant corresponding to Icsm for a graph T: that is, 

Cr(T) := Icsm (A™) — IcsM(Xr) , 

if r has n (internal) edges. 

This invariant will carry information related to the Chern-Schwartz-MacPherson (CSM) 
class of the graph hypersurface of a given graph T. The reader is addressed to §2.2 of [3] 
for a quick review of the definition and basic properties of these classes. 

Before defining Icsm, we highlight a few features of the invariant. 

Proposition 3.1. Let T be a graph with n edges. 

• Ct{T) is a monic polynomial of degree n. 

• If r is a forest, then Cr(T) = (T + 1)". In particular, the inverse propagator 
corresponds to T + 1 . 

• IfTis not a forest, then Cr(T) is a multiple ofT. 

• The coefficient ofT n ~ x in Cr(T) equals n — bi(T). 

• The value Cp(0) of the derivative ofC'r(T) at equals the Euler characteristic of 
the complement P™ s Xr ■ 

The proof of this lemma will follow the statement of Theorem 13.61 
Of course, the invariant will also satisfy the properties listed in £12.21 These take the 
following form: 

• Let r' be obtained from T by attaching an edge to a vertex of T, or by splitting 
an edge of T. Then 

Cv(T) = (T+l)-Cr(T) . 

• Let r' be obtained from T by attaching a looping edge to a vertex. Then 

C r >(T) =T-C r (T) . 

• Let r be a graph that is not 1PI. Then C r (-1) = 0. 

• Let T be an n-side polygon. Then 

C r (T) = T(T + I)"" 1 . 

Remark 3.2. The parallel between the motivic invariant introduced in N2.3I is even more 
apparent if one changes the variable T to L = T + 1. We choose T because it has 
a compelling geometric interpretation: T k corresponds to the class [P fc ] in the ambient 
space which we use to define the invariant. Ultimately, this is due to the fact that the 
CSM class of a torus T fe embedded in P fc as the complement of the 'algebraic symplex' 
is [P fc ], cf. Theorem 4.2 in Q]. 
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In order to define Icsm, it suffices to define it on a set of generators of J-, and verify 
that the definition preserves the relations defining T . 

Generators for T consist of conical subvarieties X C A N . View I as a locally closed 
subset of V N ; as such, it determines a CSM class in the Chow group A(F N ) of P^: 

c*(%) =a [P°] + --- + aw[P JV ] . 

(Here 1 denotes the constant function 1 on the specified locus; we denote by c» MacPher- 
son's natural transformation relating constructible functions and classes in the Chow 
group.) 

Definition 3.3. We define 

G ± (T) :=a a + a 1 T + --- + a N T N . 

Example 3.4. For X = A N : 

G AN (T):=(T + 1) N . 
Indeed, viewing as the complement of P^ -1 in P^ gives 

c*(l A *) = e*(l P *)-c*(l P *-i) - ((l + H) N+1 -H(l + H) N )n[F N ] = [l + H) N n[V N ] , 

where H denotes the hyperplane class in P JV . The coefficient of [P fc ] in this class is (,), 
with the stated result. 

Remark 3.5. Here are a few comments on the definition of Gj^(T). 

• The definition does not depend on the dimension of the ambient affine space A N : 
the largest i for which ctj ^ is the dimension of X. 

• If X and X' differ by a coordinate change, then clearly Gjy(T) = G^,(T). 

• If X,Y C A N , then 

Gx U Y(T) = Gx(T) + Gy(T)-Gx n y(T) : 

this follows from the inclusion-exclusion property of CSM classes. 

• By the previous two points, the definition goes through the equivalence relation 
defining T ' . Thus, we can define a map Icsm : ^ — > Z[T] by setting 

Icsm{[X]):=G^{T) , 

and extending by linearity. This map is clearly a group homomorphism. 

We claim that: 
Theorem 3.6. Icsm "is a homomorphism of rings. 

Once Theorem 13.61 is established, Proposition 1 2 . 51 will show that setting 

C r (T) = U CS m(T) := I CS M{[A n ]) - Icsm([Xt}) = Ga™ (T) - G^T) , 

where n = the number of edges of T, defines a multiplicative graph invariant. The poly- 
nomial Cr{t) satisfies all the properties listed at the beginning of this subsection: 

Proof of Provosition \3. 11 Since Xr is properly contained in A™, the dominant term in the 
difference Ga™(T) — G^ r (T) is T n : this proves the first point. 

If T is a forest, then X r = 0. Thus C r (T) = G A -(T) = (T+l)" (Example[33]), proving 
the second point. 

If r is not a forest, Xr ^ 0, and the Euler characteristic of Xr is 1 (Xr is an affine 
cone). Therefore the constant term of Ga«(T) — G^ r (T) is 1 — 1 = 0: this proves that 
Cr(T) is a multiple of T in this case, as claimed. 

As to the fourth point: if T is a forest, then &i(r) = and the formula is verified. Thus, 
assume T is not a forest. The coefficient of J 1 " -1 in Ga«(T) = (T + 1)" is n, while the 
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coefficient of T" 1 in Gj^ r (T) equals the coefficient of the top-dimensional term [P™ in 

c*(Xr). This equals the degree of the hypersurface Xr, which is &i(T), and the formula 
follows. 

Finally, Cf, (0) equals the coefficient of T in C r (T). If T is a forest, then C r (T) = 
(T + 1)™, so this coefficient is n, and equals the Euler characteristic of P™ -1 \ 0. If r is 
not a forest, then the coefficient of T in Cr(T) equals the coefficient of [P°] in the Chern- 
Schwartz-MacPherson class of P™ -1 \ Xp (see Proposition 13.71 below). This equals the 
Euler characteristic of P"™ 1 \ Xr, by general properties of Chern-Schwartz-MacPherson 
classes (see for example [3], §2.2). □ 

As in the motivic case, the invariant Cr(T) can be expressed in terms of the complement 
of the projective graph hypersurface. The analog of Lemma 12.61 is: 

Proposition 3.7. IfT is not a forest, and has n edges, then 

c*(l pn - 1 ^ Xr ) = H n C r (l/H)n{P n - 1 } , 

where H is the hyperplane class in P™~ . Otherwise put, ifT is not a forest, then Cr(T) 
may be recovered from c*(lpn-i^x r ) by replacing the class [P fc ] in c»(lpn-i^x r ) by T k+1 . 

Proof. Indeed, if c*(X) = f(H) n [P™" 1 ], then 

(3.1) C *(l An ^ r ) = c,(A»)- C ,(l r ) = ((l + if)"-/( J ff)-ff»)n[P»] : 

this follows from a straightforward computation, using the formula for the CSM class of a 
cone (Proposition 5.2 in 3J). Formula says that H n C r (l/H) = (l+H) n -f(H)-H n . 
On the other hand, the polynomial (1 + H) n — H n — f{H) corresponds to c*(l P , 1 -i x .x r ) 
in P n_1 ; this is precisely the statement. □ 

Example 3.8. For T„ = the n-edge banana graph, 

C r (T) = T(T - l) 71 - 1 + nT"- 1 . 
Indeed, Remark 4.11 in [3] gives 

C(lp-i x x r ) = ((1 ~ H)"- 1 + nH) n [P"- 1 ] . 
By Proposition ^. 71 therefore, 

H n C r (l/H) = (1 - H)™- 1 + nH 
and the result follows at once. 

Remark 3.9. Let T be a graph with n edges, that is not a forest, and suppose 
C r (T) = T n + a^T"- 1 + ■ ■ ■ + a Q T . 

Let 7r : P™ -1 — > p™- 1 be a proper birational map such that D := Ti^ 1 (Xr) is a divisor 
with normal crossings and nonsingular components. Then 

a k = |( 7 r* J ff) fc . C (T p „_ 1 (-log^))n[P"- 1 ] , 

where 3j„_i (— log D) denotes the dual of the bundle f2~ n _ 1 (logI?) of differential forms 
with logarithmic poles along D, and / a stands for the degree of the class a, in the sense 
of [T5], Definition 1.4. 

This follows immediately from Proposition 13.71 and the expression of c*(l p „_i^ ) in 
terms of Chern classes of logarithmic forms (cf. [3], §2.3). 
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In the rest of this section we reduce the proof of Theorem 13.61 to a statement (Theo- 
rem [OS]) concerning Chern-Schwartz-MacPherson classes of joins of disjoint subvarieties 
of projective space. The proof of this statement will be deferred to Sj6] 

In order to prove Theorem 13. 61 it suffices to prove that 

for all conical affine varieties X C A™, Y C A™. If X = or Y = 0, this is immediate, as 
this identity is = in this case. If X or Y is a point (that is, the origin of the ambient 
affine space), the identity is also immediate. Indeed, Gao(T) = 1. 
Therefore: 

Lemma 3.10. In order to prove Theorem \3.E\ it suffices to prove that if X C A" 1 , 
resp. Y C A" are affine cones over projective algebraic sets X C P m_1 7 resp. Y C P n_1 ; 
then 

G ±x y{T) = G ± {T)-Gy{T) . 

What is a little surprising now is that this is not obvious. There is a 'product formula 
for CSM classes', due to Kwiecihski ([22], PQ); but it relates classes in P m , P" to classes in 
pm x p « ; whilc thc p i ynom i a i G{T) refers to a class in p m +™. While P m x P" and P m +™ 
can be related in a straightforward way by blow-ups and blow-downs, tracking the fate 
of CSM classes across blow-up operations is in itself a nontrivial (and worthy) task. One 
might optimistically think that if a locally closed set avoids the center of a blow-up, then 
the CSM class of its preimage ought to be the pull-back of its CSM class; this is not true 
in general, as simple examples show. The fact that it is true in certain cases is what we 
prove in [3J, Corollary 4.4, and this result is crucial for the computation of CSM classes 
of graph hypersurfaces of banana graphs. We know of no general result of the same type 
handling the present situation, so we have to provide a rather ad-hoc argument to prove 
the formula in Lemma 13.101 Kwiccihski's product formula will be an ingredient in our 
proof. 

By Lemma l3.101 we are reduced to dealing with affine cones over (nonempty) projective 
varieties X C P™" 1 . We begin by relating G^(T) to the CSM class of X. 

Lemma 3.11. Let X C P m_1 be a nonempty subvariety, and let f(h) be the polynomial 
of degree < m in the hyperplane class h o/P" 1 " 1 , such that 

c f (i A -) = /(/i)n[P m - 1 ] . 

Then 

h m G jt (l/h) = f(h) + h m . 
Proof. Consider the cone C(X) of X C P™" 1 in P m . By Proposition 5.2 in [3J, 

c*(i c{x) ) = ((i + h)f(h) + h m )n[P m ] , 

where h denotes the hyperplane class in P m . Since X C A™ may be realized as the 
complement of X in C(X), 

= ((l + h)f(h) + h m - hf(h)) n [P m ] = (f(h) + h m ) n [P m ] . 

Since h k n [P" l - fc ] corresponds to T m ~ k in Definition [3J3J 

f(h) + h m = h m Gx(l/h) , 
as stated. □ 

Next, we relate the affine product of varieties to the projective join. View P m_1 , p n_1 
as disjoint subspaces of p™+"-i. For X C P™" 1 , Y C P™" 1 , we will denote by J(X, Y) 
(the 'join' of X and Y) the union of all lines connecting points of X to points of Y 
in p m + n_1 



ALGEBRO-GEOMETRIC FEYNMAN RULES 



17 



Lemma 3.12. The product X x Y C A m+ ™ is t/ie affine cone over the join J(X,Y) C 

pm+n — 1 

Proof. Denote by (xi : ... : x m : y\ : ... : y n ) the points of p m +™- 1 ; identify P m_1 
with the set of points (x± : . . . : x m : : . . . : 0) and P™ _1 with the set of points 
(0 : . . . : : j/i : . . . : y n ). If (a;i : . . . : x m ) € X and : . . . : y„) € F, the points of the 
line in p m +"- 1 joining these two points are all and only the points 

(sxi : ... : sx m :tyi: ... : ty n ) 

as (s : t) varies in P 1 . It follows that a point (xi : . . . : x m : y\ : ... : y n ) is a point 
of J(X,Y) if and (x\ : ... : x m ) satisfies the homogeneous ideal of X in P" 1-1 and 
(yi : . . . : y„) satisfies the homogeneous ideal of Y in P n_1 . This is the case if and only if 

(xi, . . . ,x m ,yi, . . . , y n ) e X x Y C A m +" , 

and this shows that the affine cone over J(X, Y) is X x Y. □ 

By Lemma 13.121 the sought- for formula in Lemma 13.101 may be rewritten as 

Gjtx^YjiT) = Gjc(T) ■ Gy(T) ; 

or, equivalently (after a change of variable and harmless manipulations): 

(3.2) H rn+n G jj^Jl/H) - H rn+n = H m G ± {l/H) ■ H n G f (l/H) - H m+n 

for all nonempty X C P m_1 , Y C P™ -1 . Here H is simply a variable; but the two sides of 
the identity are polynomials of degree < (to + n) in H , so formula (|3.2p may be verified 
by interpreting H as the hyperplane class in p m +™- 1 . This formulation and Lemma T3. Ill 
reduce the proof of Theorem l3.6l to the following computation of the CSM class of a join: 

Theorem 3.13. Let P" 1 " 1 , P"" 1 be disjoint subspaces o/P"^"- 1 , and let X C P" 1 " 1 , 
y C p™- 1 b e nonempty subvarieties. Let f(H), resp. g{H) be polynomials such that 

Then 

c*{^j{xX)) = {(1(H) + H m )(g(H) + H n ) - H m+n ) n [P-+™" 1 ] . 

This is a result of independent interest, and its proof is deferred to SjSl As argued in this 
section, Theorem 13.131 establishes Theorem 13. 6[ concluding the proof that Cr (T) satisfies 
the Feynman rules and the other properties listed in this section. 

4. RENORMALIZATION FOR ALGEBRO-GEOMETRIC FEYNMAN RULES 

The Connes-Kreimer theory [TU] (see also a detailed account in §1 of 12J) shows that the 
BPHZ procedure of renormalization of dimensionally regularized Feynman integrals can 
be formulated as a Birkhoff factorization in the affine group scheme dual to the Connes- 
Krcimcr Hopf algebra of Feynman graphs. The explicit recursive formula for the Birkhoff 
factorization proved by Connes and Kreimer in [lOj gives a multiplicative splitting of an 
algebra homomorphism U : H — > /C, with K, the field of convergent Laurent series, as 

(4.1) U = (Z7_ o S) * U + 

where S is the antipode in the Connes-Kreimer Hopf algebra H and U± : H — > JC± are 
algebra homomorphisms with values, respectively, in the algebra of convergent power series 
/C+ and the polynomial algebra /C_ = C[z -1 ]. The product * is dual to the coproduct A 
of H by (Ui*U 2 )(X) = (Ui ® U 2 ){A(X)). 

The proof that the U± , given in |10j by a recursive formula, are algebra homomorphisms 
uses the Rota-Baxter identity satisfied by the operator of projection of a Laurent series 
onto its polar part. The argument of Connes-Kreimer can therefore be easily generalized, 
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in essentially the same form (see [2]), to the case of algebra homomorphisms U : Ti — » TZ, 
with Ti a polynomial ring in the 1PI graphs and TZ a Rota-Baxter ring of weight — 1. We 
recall briefly how the renormalization procedure works. 

A Rota-Baxter ring of weight A is a commutative ring TZ endowed with a linear operator 
T : TZ — > TZ satisfying the Rota-Baxter identity 

(4.2) nx)1(y) = T(x1(y)) + 1(1(x)y) + X1(xy). 

Such an operator is called a Rota-Baxter operator of weight A. 

Let Ti denote the polynomial ring generated over Z by the 1PI graphs, endowed with 
the coproduct 

(4.3) A(r) = r®i + i®r + ^7®r/ 7 . 

7cr 

Here the proper subgraphs 7 C T are possibly multiconnected, with components that are 
1PI. This is just slightly different from the Connes-Kreimer coproduct in as we are not 
fixing a Lagrangian for a scalar field theory, hence we do not restrict only to subgraphs 
such that r/7 is still a Feynman graph of the given theory. In this sense, it is similar 
to the Hopf algebras of graphs considered in [19] [27] . The ring Ti — ® n >oTi n is graded 
by the number n = #i?mt(r) of internal edges of the graph and the antipode is defined 
inductively as 

s(r) = -r-£s(7)r/ 7 . 

7cr 

We then have the following result of Connes-Kreimer [10] (see also [14] for the formu- 
lation in Rota-Baxter terms). 

Proposition 4.1. Suppose given a ring homomorphism U : Ti — > TZ, with Ti as above and 
TZ a Rota-Baxter ring of weight — 1. Let TZ- denote the ring obtained by adjoining a unit 
to the ring HTZ and let TZ+ be the ring TZ+ = (1 — %)TZ. Then the recursive formulae 



) 



(4.4) [/_(r) = -<r[tf(r) + ^[/_(7)t/(r/7) 

7cr I 



(4.5) U+(T) = (1 - X) [ U(T) + £ C/_( 7 )[/(r/ 7 ) 

7cr / 



determine a Birkhoff factorization ()4.1|) into algebra homomorphisms U± : Ti — > TZ±. 
There is a unique such factorization satisfying the normalization condition e_ o U _ = e, 
where e_ : TZ- — > Z is the augmentation and e is the counit ofTL, defined by e(X) = for 
deg(X) > 0. 

In the case of the dimensionally regularized Feynman integrals, the U- gives the coun- 
terterms and the evaluation of the convergent power series £/+(F), 

(4-6) U+(T)\ Z=0 , 

gives the renormalized value of the Feynman integral U(T). 

We can apply the same procedure to the algebro-geometric Feynman rules, using suit- 
able Rota-Baxter operators on the target ring. This will give new multiplicative invariants 
of graphs obtained by following the same BPHZ procedure that governs the renormaliza- 
tion of divergent Feynman integrals. 

For example, consider the motivic Feynman rule U(r) = [A n \Xr] L~™ in i^o(Vc)[L -1 ]. 
In the ring i^o(Vc)[L _1 ] we can still consider the Rota-Baxter operator of projection onto 
the polar part (in the variable L). The renormalized Feynman rule U+(r) defined as in 
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(|4.5|) defines a class in Ko(Vc) and the "renormalized value of the Feynman integral" 
defines a class in Z[SB], 

(4.7) u+(r)| L=0 = (i-x) (u(r) + J2u-(i)u(Tfr) \ | L=0 e z[sb] = K (V c )/m. 

Notice that the parts of [A™ \ Xr], [A" 1 \ X 7 ] and [A" 2 \ X r / 7 ] that are contained in the 
ideal (L) C Xo(Vq) contribute cancellations to the L n in the denominator. It is possible 
that this invariant and the Birkhoff factorization of U(T) may help to detect the presence 
of non-mixed- Tate strata in the graph hypersurface Xr coming from the contributions of 
hypersurfaces of smaller graphs 7 C T or quotient graphs r/7, 

For invariants like Cr(T) that take values in polynomial rings, one can consider different 
kinds of Rota-Baxter operators. For example, consider the basis of Q[T] as a Q-vector 
space, given by the polynomials 

, , T(T + l)---(T + n-l) , , 

7r„(T =— Vn>l, 7T (T =1. 

The linear operator T(7r„) = 7r n+ i is a non-trivial Rota-Baxter operator of weight —1 on 
the polynomial ring Q[T] (see [IB]). One can then apply the BPHZ procedure with respect 
to this or other interesting Rota-Baxter operators to have a Birkhoff factorization of the 
given invariant with respect to an assigned Rota-Baxter structure. We do not pursue 
further in this paper the meaning of BPHZ with respect to different possible Rota-Baxter 
operators, but we only remark that algebro-geometric Feynman rules provide a supply 
of examples where one can abstractly study the properties of the BPHZ renormalization 
procedure. For example, the question of whether the Grothcndicck ring of varieties Ko(Vk) 
or our Grothcndicck ring of immersed conical varieties J- admit a Rota-Baxter structure 
of weight —1 appears to be a problem of independent interest. 

Finally, we can consider again the possible definition (|2.20p of Feynman rules with 
values in the algebra V of periods and the problem of the divergences caused by the 
nontrivial intersections of the domain of integration a n with the hypersurface Xr. In [25] 
a regularization for Feynman integrals of the form (|2.19l) was proposed based on replacing 
the part of the integral that takes place in a neighborhood of the hypersurface Xr of the 
form D e (X r ) = U seA ;X r (s), given by the level sets X r (s) = {t G A" |*r(t) = s} for 
s G A* a small punctured disk of radius e > 0, with an integral on a Leray coboundary 
£ e (cr„) = 7r_1 ( cr ri n X e ), for 7r e : dD e (X r ) — ► Xr(e) the circle bundle projection. This 
has the effect of replacing the (divergent) integration on the locus a n n Xy with one on 
circles around the singular locus. By the results of ^4] Part III, §10.2 and Theorem 4.4 
of [25], the resulting integral U(r)(e) extends to a meromorphic function of e in a small 
neighborhood of e = 0, with a pole at e = 0. One can then apply the BPHZ renormalization 
procedure, with T the projection onto the polar part of the Laurent series in e and obtain 
a renormalized U+(r). 



5. The partition function and Tate motives 

In quantum field theory it is customary to consider the full partition function of the 
theory, arranged in an asymptotic series by loop number or another suitable grading of the 
Hopf algebra of Feynman graphs, instead of looking only at the contribution of individual 
Feynman graphs. Besides the loop number £ = 61 (r), other suitable gradings 5(T) are given 
by the number n = #E int (T) of internal edges, or by #E int (T) - h(T) = #V(T) - b (T), 
the number of vertices minus the number of connected components (c/. |12j p. 77). 
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When one considers motivic Feynman rules, these partition functions appear to be 
interesting analogs of the motivic zeta functions considered in [20] . [23) . For instance, one 
can consider a partition function given by the formal series 

(«) « = E E S'"- 

N>0 8(r)=N " v ' 

where S(T) is any one of the gradings on the Hopf algebra of Feynman graphs described 
above and where U(r) = [A" \ Xp] £ Ko(Vk)- Given a motivic measure fi : K (Vk) — > 72, 
this gives a zeta function with values in 72. [[t]] of the form 

y , A sr sr ^(u(r)) N 

;v>o<5(r)=iv v ; 

Of particular interest, in view of the recent results of 0, is the case where one restricts 
the class of graphs to connected graphs without looping edges and without multiple edges 
and takes the grading 5(T) = #V(T) — bo(T). In this case, one is considering the zeta 
function 

t N AH 

^ Z ®=^m E u(r) #Aui(r)- 

The result of 7: shows that 

N , ATI 

(5.3) S N = ]T t^r 



#Aut(r) 

is in the Tate part of the Grothendieck ring, Sn <= Z[L]. It then follows that the zeta 
function Z(t) above takes values in Z[1L] [[£]]. 

One can investigate the behaviour of these "motivic zeta functions" by the same tech- 
niques used in [23] to study the original motivic zeta function defined by Kapranov in [20) . 

6. The formula for CSM classes of joins 

This section is devoted to the proof of Theorem 13. 131 We first recall the statement. 

Let X C p« l - 1 j Y C p™ -1 be nonempty subvarieties, and view P™" 1 , p™- 1 as disjoint 
subspaces of p m +™- 1 . The task is to compute the push-forward to p m +™- 1 of the Chern- 
Schwartz-MacPherson class of the join J(X, Y), defined as the union of the lines in p™^™- 1 
connecting all points of X to all points of Y. The class will be expressed as a polynomial 
in the class H of a hyperplane in p m +» ra - 1 ; obtained in terms of the polynomials similarly 
giving the Chern-Schwartz-MacPherson classes of X in p m_1 ; Y in P" _1 . 

We will denote by h the hyperplane class in P m_1 , and by k the hyperplane class 
in P n_1 . Let f(h), g(k) be polynomials of degree < m, resp. < n, such that 

c(i x ) = /(ft)nr- 1 ] , 

c,(ly)=.g(A : )n[P"- 1 ] . 
Theorem 13.131 states the following result: 
(6.1) C(l j( x,r)) = {(f(H) + H m )(g(H) + H n ) - H m+n ) n [P m +»- 1 ] . 
The rest of this section is devoted to the proof of this formula. 

Example 6.1. If Y = P"" 1 , then J(X, Y) is the cone C n (X) on X, with vertex P"- 1 . 
Since c(TP™- 1 ) = (1 + H) n - H n , dUTJ gives 

c*{C n {X)) = ((1 + H) n (f{H) + H m ) - H m+n ) n [P m +™- 1 ] . 
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where a push- forward is understood. In particular, for n — 1 = (so C 1 (X) = C(X) is 
just an 'ordinary' cone in projective space) this agrees with the formula for cones given in 
Proposition 5.2 of [3]- 

Example 6.2. For X = P™" 1 , Y = P"" 1 , the join J(X, Y) is the whole of F m+n ~ 1 . 
Theorem 13.131 gives 

c.(P m+n ~ 1 ) = ((1 + H) rn (l + H) n - H m+n ) n [P"^"- 1 ] , 

as it should. 

We will realize the join of X and Y as a projection of a P 1 -bundle over 1x7. Consider 
the rational map 

prn+n-1 mm— 1 x pn— 1 

given by 

(xi : . . . : x m : y x : . . . : y n ) h-> ((x x : . . . : i m ), (yi : . . . : y„)) ; 
this is well-defined away from the union p m_1 u p™- 1 consisting of points where either 

yi = --- = y n = 

or 

Xr • 

Letting Bl be the blow-up of Y m+n ^ 1 along these two linear subspaces, we obtain a 
diagram 

Bl 



pm+n-l _ _ _ ^ pn— 1 

resolving the given rational map, and realizing Bl as a P 1 -bundle over P m_1 x P™ -1 . 
Concretely, p~ 1 (p, q) may be identified with the (proper transform of the) line in p m +"- 1 
joining p 6 P™" 1 to q £ P"" 1 . 

Summary of the argument: we will use Kwiecihski's product formula ([22 ) and Yokura's 
Riemann-Roch for Chern-Schwartz-MacPherson classes ([2H]) to compute the class of the 
inverse image of X x Y in B£. The formula for the class of J(X, Y) will follow from this 
and the basic functoriality property of CSM classes. 

We first collect the necessary ingredients. 

As noted above, h and k denote respectively the hyperplane classes in P™ -1 , P™" 1 ; we 
use the same letters to denote their pull-backs to the product p m_1 x P n_1 , and to B£. 

Lemma 6.3. With notation as above, 

c(lxxy) = f(h)g(k) n [P™- 1 x P"" 1 ] . 

Proof. There is a natural map A*X ® A*Y —> A*(X X Y) (§1.10 in [IB]). By Kwiecihski's 
theorem in [55] (cf. also Theorem 4.1 in [1]), this map sends c*(X) ® c*(Y) to c*(X x Y). 
Pushing forward to the ambient product of projective spaces, this says that c,(lxxy) is 
the image of (f(h) n [P" 1 " 1 ]) <g> (g(k) n [P" _1 ]); this is the statement. □ 

Viewing Bl as the blow-up of p m +™- 1 along the skew P" 1 " 1 and P™" 1 , let E be the 
component of the exceptional divisor over P m_1 , and F the component over P™ _1 . Denote 
by H the hyperplane class in p m +™- 1 j a s well as its pull-back to Bt. 

The classes H, h, k, E, F in Bl are not independent: 



Lemma 6.4. h = H - F, and k = H - E. 
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Proof. The projection p m +™-! — ■> p™- 1 is resolved by the blow-up p™+«-! f f m + n ~ 1 
along P" -1 . It is clear that (the pull-back of) h agrees with H — F in this blow-up, where 
F denotes the exceptional divisor over P™ -1 . This relation pulls back to the same relation 
in B£, which may be realized as the pull-back of P m+ " _1 along the inverse image of P m_1 . 
This proves the first relation. The second relation is obtained similarly □ 

By Lemma 15751 and l6"74l the pull-back of c,(1xxy) to Bl is given by 

f(H-F)g(H-E)n[B£] . 

The CSM class of p^{X x Y) may be obtained from this by applying a result of Shoji 
Yokura. For this, we note that B£ is smooth over p m_1 x P n_1 , and more precisely B£ 
may be realized as the projectivization of O(-h) © O(-k). With this choice, the pull-back 
of O(H) agrees with the tautological bundle 0(1) on Bi = V(0(-h) © O(-fc)). 

Lemma 6.5. 

(6.2) c4l p - 1{XxY) ) = (l + F)f(H-F)(l + E)g(H-E)n[Bl} . 

Proof. Write 8 = Q(-h) © O(-k), so Bl = F(£). By Theorem 2.2 in [29^ , CSM classes 
behave like ordinary Chern classes through smooth morphisms: thus, 

C*(l p -l(Xxr)) = c(Tg^|( P m-l xP n-l)) D P*(c»(1xxy)) ■ 

The pull-back P*(c*(1 X xy)) = f(H - F)g(H - E) n [Bl] was computed above. The 
relative tangent bundle T^|npm-i x pn-i) is computed by means of the Euler exact sequence 
(cf. Q75], B.5.8) 

o »- p*£ © 0(H) ^ Tb^^-i^-i) ^ o 

and gives (as E = O(-h) © O(-kj) 

cpBUpn-ixpn-i)) = c(p*£ © 0(H)) = (l-h + H)(l-k + H) . 

The statement follows from this and Lemma \Q. 41 □ 

Example 6.6. For X = P^ 1 , Y = P"" 1 , we have p^{X x Y) = Bl, and f(h) = 
(1 + h) m - h m , g(k) = (1 + k) n - k n . Noting that h m = 0, k n = 0, formula ([672]) gives 

c(TBf) n [Bl] = (1 + F)(l + H - F) m (l + E){\ +H- E) n n [S^] . 

This may also be obtained by two applications of Lemma 1.3 in [2], since P m_1 and P n_1 
are disjoint complete intersections in p m +™" 1 . 

These preliminary considerations yield the following statement. 

Lemma 6.7. Let ir : Bl — > p"^™- 1 5 e £/j e blow-up along two disjoint centers P m_1 , 
P" -1 ; Zei ii 1 , resp. i* 1 6e i/ie exceptional divisors over these two centers; and let H denote 
the hyperplane class in p™+™- 1 , as well as its pull-back to Bl. For X C P" 1 " 1 , y C P"- 1 
nonempty subvarieties, let f(H), resp. g(H) be polynomial expressions of degrees < m, 
resp. < n in H , such that 

c(ljt) = f(H) n [P™" 1 ] , c.(ly) = g(H) n [P"- 1 ] 
as dasses zn P"^"- 1 . Fina/fy, tet J(X, Y) <^> p m +"-! & e ^ e Jom /X and F m r™+n-i_ 
T/ien 

c*(lj(x,r)) = ^ ((1 + F)(l + E)f(H - F)g(H - E) n [B<|) 

- (x(F) - n [f™- 1 ] - (x(X) - 1)/(#) n [P"- 1 ] . 

In this statement, xPO and x(X) denote the Euler characteristics of X and Y, respec- 
tively. 
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Proof. Realize the join J(X,Y) as the image of p~ x {X x Y) in P +n_1 . Denote by 
7f : p _1 (X x Y) — > J(X, y) the restriction of tt. Then 7r is proper and birational, and 
contracts 

Enp-\x xY) to xcp 111 - 1 , 
Fnp^(ixy) to yep"- 1 . 

Now, E 1 n p~ l {X x Y) = X x Y , and the contraction corresponds to the projection 
X x Y — > X. Similarly, the contraction F Pi p~ x (X x Y) to Y corresponds to the 
projection X x Y — > F. Therefore, the fibers of 7f may be described as follows: 

p^XUY =^ 7f _1 (p) = a point 

pex =^> 7f _1 (p) = r 
peY =^ i:- 1 {p)^x 

In terms of constructiblc functions, this says 

7T*(lp-i(x x y)) = l,/(x,y)x(xuy) + + x(X)l Y 

= *J(X,Y) + (x(Y) - 1)1* + (x(X) - l)l y . 
By the functoriality property of Chern-Schwartz-MacPherson's classes, it follows that 

7f,c*(l p - 1( xxy)) - c*(J(X, Y)) + ( X (Y) - l)c*(X) + ( X (X) - l)c*(Y) . 
The statement follows immediately from this, together with Lemma 16.51 □ 
The challenge now is to evaluate the push-forward 

tt*((1 + F)(l + E)f(H - F)g(H - E) n [Bfl) . 
Since / and 5 are polynomials, this is a sum of terms 

tt„((1 + F)(l + £)(# - F) l (tf - £) J n [Bfl) . 

This push- forward can be executed in two steps, since ir may be viewed as a composition 
7r = 7r 2 o 7Ti of the blow-up 7Ti of p m +™~ 1 along P m_1 , followed by the blow-up 7r 2 of 
the resulting variety along (a locus isomorphic to) P™ -1 . Both steps match the following 
template: 

Lemma 6.8. Let p : V — > V be the blow-up of a scheme V along a subscheme W of 
codimension r. Assume W has class H r , where H is a divisor class in V. Denote by the 
same letter H the pull-back of this divisor class to V , and let D be the exceptional divisor. 
Then 

H r j = r-l 




j+T-\ 



Proof. By the birational invariance of Segre classes (Proposition 4.2(a) in [TS]). 
and hence 

Introducing a bookkeeping variable v, we have 



1 + vD 1 7 V (l + vH) r 
indeed, multiplying D by v on the left has the effect of multiplying every term of codi- 
mension j by v J , and this is the same effect obtained by multiplying H by v on the right. 
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By the projection formula, v may be replaced by any expression in H on the right and by 
its pull-back on the left, still yielding a correct identity. Apply this observation to 



i 



l-H 



with V = TZTg'- 



v, ( g(H - By vj r i 77 . / , (^ TT -L_ H [V]J 

1 (i-J™?UnM 



l-H \ (1 + jhiH 

= I ^.(i-r)n[y] 

= (l + h + --- + H r - 1 )n[v] . 

This establishes the first formula. The second formula follows immediately from this, by 
observing that 

D(H - D) j = H(H - Dy -(H- Dy +1 . 

□ 

Returning to our analysis of intersections in B£, Lemma 16.81 gives 
Lemma 6.9. 

' H i+j n ppm+n-l] l f0<{ <m andO<j <n 



((H - F) l {H - E) j n [B£]) = < 
7T* (E(H - Ff{H - Ey n [B£\) = 
7T* (F(H - F)\H - E) 3 n [Bl]) = 



otherwise 

■ H i+n n ppm+n-1] if Q < i < m and j = n - I 

otherwise 

H j+m n ppm+n-l] j/ < j < „ and i = m - 1 
otherwise 



ir* (EF(H - F)\H - Ey n [B^]) = 0. 

Proof. The last formula follows from the fact that EF = (the two exceptional divisors 
are disjoint). The others are each obtained by applying Lemma 16.81 twice. For example, 
note that 

7T* ((H - F)\H - E) 3 n [Bl]) = 7i"i* ((H - Ey ■ n 2 * ((H - F)' 1 n [Si])) 

by the projection formula, since H, E are pull-backs from the first blow-up. Hence, 
Lemma REE evaluates this class to 



ttu ((# - £^ • H l ) 

if < i < m (m = the codimension of P" _1 ) and otherwise; and another application of 
Lemma 16781 evaluates this to H l+: > if both < i < m and < j < n, and otherwise. The 
remaining two formulas are handled similarly. □ 

We are finally ready to prove Theorem 13. 131 
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Proof of Theorem \3.13[ We have to evaluate 

7T* ((1 +F)(1 + E)f(H - F)g(H - E) n [Bi]) . 
Let /(.t) = Y,7=o a i xj an( i = Sj=o Then 

tt» ((1 + F)(l + - F)g(H -E)n [Bi]) 

= tt, (f(H - F)g(H -F)+ Ef(H - F)g(H - E) + Ff(H - F)g(H - E)) 

771 — 1 71—1 

= EE a ^ n * (( H - p y( H - E y n [ B£ 

rn — 1 n—1 

+ 53 E fl i & i 7r * ( E ( H - F Y( H - E Y n i B£ ]) 

i=0 j=0 

rn—1 n—1 

+ EE aib J n * ( F ( H - F Y( H - e y n [^0 

i=Q j=0 

Tit— In— 1 m— 1 n—1 

= EE <'•''.,""•' + E a i b n-xH i+n + E am-ibjH^ 

i=0 .3=0 i=0 j=0 

= /(fOffW + x(Y)f(H)H n + X (X)g(H)H m , 

using Lemma 1631 and the fact that xPO — J* C *P0 — a m-i, xQO = / C *(X) = &n-i- 
By Lemma 16.71 then, 

c*(lj(x,Y)) = if(H)g(H) + X (Y)f(H)H n + X (X)g(H)H m ) n [P"^"- 1 ] 

- (xPO - n IP™" 1 ] - OfW - i)/(*0 n [P"- 1 ] 

= (f(H)g(H) + f(H)H n + g{H)H m ) n [P m +™- 1 ] 
= ((/(#) + H m ){g{H) + H n ) - H m+n ) n [P m +«- 1 ] . 
This establishes formula (|6.ip , and concludes the proof of Theorem 13.131 □ 
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